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PY4T01l Condensed Matter Theory: Lecture 9

Solids as giant molecules

Consider the following square lattice of atoms
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As usual we expand the wave function on a localized atomic
orbital basis set |mna) (supposed orthogonal)

|¢> — Z wmna|mna>

As usual consider the Schrodinger equation H|y) = E|v),
and project on (51|
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Take only first nearest neighbors coupling (both along = and
y). Thismeansm=j+1andn=10+1:

SN LGLBIH |jle) i+
GUBIH|(7 + Dla)yjt11a + GIBIH|(§ — lo)j—1 1o+
GIBIH|F U+1)a)jit1a+ GIBIH|F (U —1)a)tji—14] =
= E Y2 (jlBljla)jia
This looks rather complicated, however if we consider a

square lattice of H atoms (one s state per atom), then N, =1
and we obtain

(E— €)Y+ Y2 (Wir1 1+ ¥i—11) + YW 141 +¢j1-1) =0

This is identical to the previous 1D case in both the x and
y directions!!! The solution, then must be of the kind:

wjl _ Aezkzmamj ezkyayl
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By substituting this one obtains:

(E L 60) + ,Yx(eik:xaa; + e—ikxax) + ,yy(ez'k:yay + e—ikyay) —0

then

E = €y + 27, cos(kgpay) + 27, cos(kya,)

This is an example of band structure in 2D.
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Note that:

e Now we have
—7/a, < ky < 7/ay,

—m/a, < ky < m/a,

This means that the Brillouin Zone is “different” for k, and
Ky

e The Brillouin Zone for this 2D case is the 2D rectangular
area given by

—7/a, < ky < 7/ay

—m/a, < k, <7/a,
e Again the Schrodinger equation is invariant for both (why?)
kp, — —k,

ky — —ky
We can reduce the Brillouin zone to (irreducible Brillouin
Zone):
0 <k, <m/ag

0<ky<m/ay
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e Since now the Brillouin Zone is a surface we can plot along
different directions. For instance we can do:

(kl“? ky) — (070) — (Ovﬂ-/a’y) — (ﬂ-/a’waﬂ-/a’y) — (070)
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Example: a, = 2a, = 2ag

The dispersion relation therefore is:

E = €y + 27, cos(kgap) + 2, cos(2k,ao)

Let's plot the band along the direction:
(k2 ky) = (0,0) — (0,7/ay) — (7/ay,7/ay) — (0,0)

(kz ky) =T' =Y =-S5 =T
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Example: a, = a, = ag

The dispersion relation therefore is:
E = €y + 27, cos(kgag) + 2, cos(k,ap)
Let's plot the band along the same direction:
(ky,ky) =I' =Y =85 =T

But now v, = -y, = -2, ¢ =0
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Example: square H lattice

Uy = Qg = Qg Ve =Yy =7 = —1 eg = 0.
By = eg + 27y[cos(kyag) + cos(kyap)]
Let's plot the band along the same direction:

(ky,ky) =I' =Y =85 —>T

Energy (eV)
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Fermi Surface

In 2D (and 3D) the energy depends on both k, and k.
Can we define a Fermi wave vector?

No!ll but we can define a Fermi Surface. This is the set of
kz and k, such that

Ep = E(ky. k)

Let us see some examples for the square H lattice. In this
case the Fermi surface is defined as:

EF = €9 + 27[008(/%@0) -+ COS(kyCLO)]
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e Small band filling (Fr ~ €y + 47). This means
Ep = E(ky, ky) ~ €+ 4y — vag(kg + ki)

The Fermi surface then looks like

el
y

_T[/ay \
-Tr/ax 0 et

X

Note also that in the free electron model in 2D one has

W’ oo e
E = k> +k
o, (kg + k)

Therefore at the bottom of the band electrons behave almost

freely with:
2
r —agy
2m
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e Band Center (Er = ¢p). This means

cos(kzag) = — cos(kyaop)
TV/a
y
0
-Tva,
-Tva, 0 Tva,
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e Band nearly filled (Fr ~ €y — 4y). This means

cos(kgag) + cos(kyag) ~ =2 — ky ~7w/ay ky ~ 7/ay,

Expanding around 7/a we find:

Ep = E(ky, ky) = eo — 4y + yag (k2 + k2)

A,

% -

vy N

-yTr/a 0 et

X X

This is similar to the small band filling with
—agy — +agy
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Density of States

The definition given for one dimensional systems is still valid:

d(E)= ) 6(E— Ex)

all B},

However this time E), depends on both &k, and ky:

Ey = E(ky, ky) = €0 + 275 cos(kzay) + 27, cos(kyay)

This can be calculated analytically (rather long) —
numerically

T/ ag T/ ay

AB) = Y Y (B Bk k)

For the square H lattice one obtains
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d(E)

€ €.—4y
Energy

e, 4y

Note that:

e The bandwidth is now 8~

e The DOS diverges at the band center £ = ¢
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From 1D to 2D

How does the DOS change?

T T T T T T

d(E)
d(E)

) | L | |

€. t2y € €.—2y Y € g4y
0 Energy ° i Energy

Consider again the general solution for our square lattice:

Nz Ny Nz Ny
Pp) = Y walil) = ) Aetheoad ethuadl i)
jl 5l

In the limit NV, = 1 we have the 1D solution

Ny

) = eteasd| )

J

Consider now N, # 1 but also N, # oco. In this case the
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boundary conditions for the wave function in the y direction are:

Yio = i Ny+1 =0

This gives immediately (it is analogous to the case of the linear

chain)
NN,

Py =y )

gl

1/2 1/2
1 2 . .
Vi =\ = ethaaai gin (g
N, N, +1 N, +1

form =1,..,N,

with

Therefore the wave function is the product of a standing
wave (along y) times a traveling wave (along ). The energy is
simply:

Ey = ¢+ 2y [cos(kwao) + cos (NTI 1)]

For every standing wave along y (transverse mode) we have
a 1D band:

Er = €g+ € + 2y cos(kzay)
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with

9 miT
€y = 277 COS | ————
TN, 1

These m-dependent 1D bands are usually called mini-bands.
This explains how the DOS changes from 1D to 2D.
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