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PY4T01l Condensed Matter Theory: Lecture 8

Density of States (DOS)

DOS is the number of states S per unit energy E

D(E)

~dS  dS |dk
“dE  dk |dE

Example: H chain

Remember that for the N atom ring

2mm
Na

Ep =¢€y+ 2vcoska, k=

then the number of states per unit £ is

dS_2 Na Na

dk . 2T T
and iE
d—kk = 2aysin ka
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Hence
Na 1 N 1
D(E) = =
(E) m 2aysinka 7w [4y2 — (F — €)?]1/?
Note that:
400
D(E)dE = N

Since usually we take the limit N — oo we define the DOS
per atom d(E) = D(E)/N

1 1
d(E) = ;[ng — (F — ¢)2]1/2

where now

/+OO d(E)dE =1 .
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usually a better representation
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r
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€,t2y € €52y

The spikes in the DOS (singularities) are called Van Hove
singularities. They are a signature of 1D system.
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Alternative definition of DOS

At the end of the day D(FE) is a way of counting the

electronic states. The total number of states below the energy
E, is
Eq
Neo = D(F)dE

— 00

For each energy FE; | draw a square centered in Ej, with
width 0 and unit area

A A

D(E) 5

1/

Alternatively one can replace the square with a Lorentzian
centered in Ey,

1 5
NE =B = s T m = B
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So the total DOS D(F) is simply

DE) =Y f(E-Ey)

all Ek:

Then we can take the limit limgs_,¢

D(E) — Y  §(E - Ey)

all Ek}
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Local Density of States (LDOS)

Consider again the infinite Carbon chain

Our basis set is as usual [ja) (j labels the atomic position,
« the orbitals).

Consider a generic eigenstates |¢x). This is written as:

ey =D lie)Galye) = 3 Y Lialx) i)

As usual |(jal)]? is the probability to find an electron in
the state |¢x) at the particular basis state |jo)

The idea is then to “weight” the total DOS D(FE) with the
[(ja|tr)|?. We then define Local Density of States d;jo(E) as

dia(E) = ) |(jalgw) f(E - Ey)

all Ek

Note that from the orthonormality of |ja) we have the
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important sum rule

Z djo(F) = D(E)

This tells us the DOS of a particular orbital sitting on a
particular atom (it is not the total DOS per atom !!1).

In particular two quantities are usually interesting:

1. Atomic Density of States

di(E) =) dja(E)=)_ > |(jalw)|® f(E — Ey)

o all By,

this is important for finite system (surfaces, dots ...)

2. Orbital resolved density of states

da(B) = Y dia(B) = 3 3 |Gl £(E - Ex)

j all Ek‘

this is important for understanding how the electrons

distribute over the basis orbitals
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Fermi Energy

Suppose we have N available electronic states and M
electrons. The Fermi Energy Er is the highest occupied energy
level, and it is obtained as:

Ep Ep
M =2 AMEME:ZN/ d(E)dE

To get ride of the number N and M (they can go to oo)

y:MﬂN:/mﬂ@ME

50—2y T T T
Er
s, )
€ +2y _kF kF Jl | XL
0 -Wa 0 Ta A € Er &2
k Energy

The k vector for which £, = Er is called Fermi wave-vector.
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The corresponding wave-length is called Fermi wave length

2T

Ap = —
F fn

Example: Infinite H chain

In this case | have 1 electronic state per atom and 1 electron
per atom (N=M). Then:

1
V=3 half — filling

Ep
1/2:/ dE)E — Ep=e

— 0
So the Fermi wave vector is

€o = €0 + 2ycos(ka) — kp = 21
a

and the Fermi wave-length

)\FI4CL
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Density Matrix

Let us start from the definition

Ep
p=2 ) [w) (W]

all Ek
The charge density is
Ep
p(z) = (z|p|z) = Z (@[vr) (Yr|x)
all Ek:

However the states |1) are

Vr) =

N1/2 ZZAk Zkaj’j()z

therefore

EF Na

S‘ YS‘AkAk ik(j— l)a< ja)(lB|x)

all E, aB jl
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Now take the continuous limit for ZifEk

where

k
. _a r dk AF Akeik(G—Da
—hE

This is again the density matrix !!!
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Example: The infinite H chain

In this case N, =1 — AX = 1. Then

a kp o
pil = _/ dk ezk(j—l)a,
T

_kF

Consider j =1

kr 2k
P = ﬁ/ dk = ra
7T

_kF

Note that:
e This is the occupation of atom [
e p; is independent from [
e p;; = 0 at the band bottom kr =0
e p; = 2 at the band top kr =7/a

Consider 5 # 1

k . .
a/ " 4k oikG—Dal _ 28inlkr(j — Da

pil=— -
T J ke, T 3 —1
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Note that:

e This is the bond order ji

e p,; depends on |j — |

Stefano Sanvito

e p;; = 0 for both the band top and band bottom (kr = 0,

and kF :7'('/&)

e p;; = max at the band center kr = 7/2a
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