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PY4T01l Condensed Matter Theory: Lecture 7

Including more molecular orbitals: Tight-binding method

Consider an infinite chain of C atoms.
Atomic C: 2522p?
In most solids C: 2s'2p3

It means that both the s and p states are relevant!!!

ys yF& ypz yR/

We can then expand our molecular state [¢)) as follows

N Ny
) = Z Z Vialj)
7 o

where |ja) is the molecular orbital o of the atom j
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So the Schrodinger equation takes the form

> viaHlio) = B wsalia)

Again multiplying by (0]

DD biallBlH]ja) = EY Y wjallflje)

Since translational symmetry, we can apply Bloch's Theorem:

wjoz — Aaein

So we obtain the secular equation:

N Ng N Ng

> ) ATIIBIH joy = BY Y A (18]ja)
J a 7 o
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Atomic orbital with [ > 0

The hydrogen atom wave-function are:
Ui (7,0, ¢) = Rui(r)Yim (0, ¢)
Note that:

e R, (r) are real functions

e Y;.(0,¢9) may be complex

For instance for n = 2, [ = 1 we have

/3
Yio = 4—0089
T
3. +id
Yit1 = F 8—ﬂsm€e

It is usually convenient to work with a linear combination
of the spherical harmonics:

Note that these orbitals have an odd parity (change sign
under inversion)
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Let us now calculate the matrix elements

Orthogonal basis set:

{Blja) = dapdi

Nearest-neighbors interaction

( , €, for a=p
It j=1 {Ofor a #£ 3

(BIH|jo) =

. Vo for a=p
If j=0+1 {%45 for a0

\
How many orbitals shall we use?

ONNC

SSO

Ol ===

PO

PPO

— Typeset by Foil TEX — 4



PY4T01 Condensed Matter Theory: Lecture 7 Stefano Sanvito

Then N, =2

N Ngqg

DD Aad U015 jo) = BA
7 o
Since our hypothesis on the matrix elements
EAg = ZA (18|H |la)+

+ e UBIH|(1 + 1)a) + e ™ (IB|H|(1 - 1)oz>—|—}

This can be written in a simpler matrix form

o) =105 5 )

_|_< Vsso Vspo ) ez'K_l_ ( Vsso  —Vspo ) e_iK] ( A, )
—Vspo  Vppo Yspo  Vppo A

which reduces to

€s + 27550 COS K 217 spo sin K As '\ 5 A,
—2iYspo SIN K €p + 27pp5 cOS K A, | A,
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Note that:

w@w

pSO=—spC

Simple solution: vsp, =0

Then
€s + 27¥ss0 Cos K = €4(K)

=
|

€p + 2Yppo oS K = €,(K)

This is equivalent to two independent chains one only with
s electrons and one only with p
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General Case:

One must solve the eigenvalues equation:
€s + 27550 COS K 217 spo sin K As '\ 5 A,
—2iVspo SIN K € + 27pp5 cOS K A, | A,

which has solutions

1

E = 5 [63( + €,(K) = \/ les(K) — €,(K)]? + 16795po sin? K]

with

€s(K) = €5 + 279555 cOS K
ep(K) = €p + 27pps cOs K

Note the correct limit for v5ps — 0
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This work remarkably well 1!

30 30
- DFT | — Tight-Binding
20 20+
S
D 10
>
o)
D o 0
-
LL
-10 -10/
-20O T['ZO() T
K K

€s =129 eV, ¢, =15.5 eV, V550 =-1.3 €V, vy, =5.2 €V,
Vspo =0,5 eV

What about the remaining band?
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We have to include the forgotten p, and p,

This gives us matrix elements such as:

WPHI = 1)), (P H| = 1)P)

| et us see them in details. The new matrix elements are:

®

\/

e

\/

PPT

However only ppm is not zero!!!
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How to assign values to matrix elements?

e The zeros are mostly given by symmetry

®

\/

The rule is: A matriz element (I°|H|(l —1)%) is zero if the
two atomic states at either end of the bond share the same
angular momentum component about the bond axis

Consider a circuit of radius r around the bond axis. The
length of the circuit is the 27mr = An, where X is the wave
length, and n the number of time the circuit pass through
two lobes with opposite sign.

The linear momentum is p = h/A = nh/(27r)

The angular momentum is pr = nh/27 — m =n

e sso: (s|H|s) <0

OO,

\/
SSO
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e spo: (s|H|p,) >0

e ppo: (p:|H|ps) >0

SO o@

PpPo

o ppm: (py|H|py) <O

~_
pp 1t

e The amplitude of the matrix elements depends on the degree
of overlap.
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From this one can conclude:

1. The first band is mainly s and dominated by sso
2. The last band is mainly p and dominated by ppo

3. The one in between must have something to do with p and
ppm
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Extension of the model

Include also p, and p,. Now N,=4.

N Ngqg

503" Aue U0 (15| Hlja) = B4,
7 «

Since our consideration on the overlap integrals we can write:

HoA+ K H\A+e " KHIA = AE

where now

Ay €s 0 0 0
o A2 0 €ps 0 0
A=1 4 | H =1 0 o ep, 0
Ay 0O O 0 €p,

Ysso 'Yspa O O

_Vspa /Vppa O O

H, =
! 0 0  Yppr O
0 0 0 Vppr
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The solutions of the secular equation are:

1
FE = 5 |¢ es(K) + €, (K) + \/ es(K) — €,,(K)]2 + 1674, sin® K

. _
B = 2 ex(B) + 6, (K) —/es(K) — e ()2 + 1670 sin K

E = ey, + 279ppr cos(K)
E =€, + 27ppr cos(K)

30 30
~ DFT — 1B

N
o

=
o

o

Energy (eV)

N
o

-20 -20
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Constructing the secular equation

e Draw the system introducing the relevant degrees of
freedom and their coupling

€g ysso €s
Ex M Ex
€y Yoo &
e, Yopr ¢

e The secular equation has the form:
[Hy + Hie™® + Hie7™*) @ = BT

Where (px = I, py — yv P> = Z)

As €s 0 O O
A 0 € 0 0
e T Hy = v

A, |7 0 0 € O
A, 0 0 0 e

Ysso  Vspo 0 0

—VYspo  Vppo 0 0

H, —
1 0 0  Yppr O
0 0 0 Yppr
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