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Bond Energy

Consider again the eigenvalues equation for the heteronuclear
molecule (

εA γ
γ εB

) (
ψA

ψB

)
= E

(
ψA

ψB

)

The solutions are the bonding and antibonding states(
ψbond

A

ψbond
B

)
and

(
ψanti

A

ψanti
B

)

Consider for the moment only the bonding state(
εA γ
γ εB

) (
ψbond

A

ψbond
B

)
= Ebond

(
ψbond

A

ψbond
B

)

and multiply to the left by (ψbond
A , ψbond

B )

Ebond = εA(ψbond
A )2+εB(ψbond

B )2+2γψbond
A ψbond

B
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• (ψbond
A )2 is the probability to find an electron on the atom

A in the bonding state.

εA(ψbond
A )2 is the energy contribution coming from the time

spent by the electron on the atom A in the bonding state.

• Θbond
AB = ψbond

A ψbond
B is the interference term. It is called

partial bond order of the AB bond.

• 2γψbond
A ψbond

B is partial bond energy of the AB bond.

The total bond order is the sum of the partial bond order
over all the occupied states.

Θtotal
AB =

occupied∑
j

Θj
AB

The total bond energy is the sum of the partial bond energy
over all the occupied states.

Etotal =
occupied∑

j

2γΘj
AB

The total bond energy is a measure of the stability of
a specific bond
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Example:

Consider the H2 molecule. Then:

Ψbond =
1√
2

(
1
1

)
, Ψanti =

1√
2

(
1
−1

)

Therefore:

Ebond = 1/2ε0 + 1/2ε0 + γ −→ Θbond = 1/2

Eanti = 1/2ε0 + 1/2ε0 − γ −→ Θanti = −1/2

Consider how the bond order and the bond energy change
with electron number
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The Density Matrix

Consider the AB dimer in its ground state. The charge
density is:

ρ(~r) = 2〈~r|ψbond〉〈ψbond|~r〉
We define “charge density operator”

ρ̂ =
occupied∑

j

|ψj〉〈ψj|

For instance in the case we have only two electrons

ρ̂ = 2|ψbond〉〈ψbond|

Now write the representation of ρ̂ on our basis function |A〉, |B〉

ρ =
(
ρAA ρAB

ρBA ρBB

)
=

(
ψ∗

AψA ψ∗
AψB

ψ∗
BψA ψ∗

BψB

)
bond

where

ρAA = 〈A|ρ̂|A〉 = 2〈A|ψbond〉〈ψbond|A〉 = 2ψ∗
AψA

ρBB = 〈B|ρ̂|B〉 = 2〈B|ψbond〉〈ψbond|B〉 = 2ψ∗
BψB

ρAB = 〈A|ρ̂|B〉 = 2〈A|ψbond〉〈ψbond|B〉 = 2ψ∗
AψB

.....
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Note:

• ρ̂ is hermitian, so all its representations are hermitian matrices

• Diagonal terms: probability to find an electron in the specific
state A or B

• Off-Diagonal terms: Bond Order

• The expectation value L of a generic operator L̂ can be
calculated simple as:

L = Tr[L̂ρ̂]

Demonstration of this last point:

L = 〈ψ|L̂|ψ〉 =
∑
i,j

〈ψ|i〉〈i|L̂|j〉〈j|ψ〉 =

∑
i,j

〈i|L̂|j〉〈j|ψ〉〈ψ|i〉 =
∑
i,j

Lijρji = Tr[Lρ]

The density matrix contains ALL the information
about the ground state electronic structure of the
system !!!
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