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PY4T01 Condensed Matter Theory: Lecture 2

The H2 molecules

Consider the H2 molecule
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The equation to solve in this case is very easy (we
neglect electron-electron interaction and we consider the Born-
Oppenheimer approximation)

Hψ(~r1, ~r2) = Eψ(~r1, ~r2)
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How to solve this equation?

Instead of “brute force” we want to use known solutions
of simpler problems and to expand the wave function of such
solutions.

We should find an easy way to pass the problem to a
computer. The idea is to expand H on a set of “friendly”
functions.

So we have to chose the basis set.
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Dirac Notation: choosing a basis

• A quantum state can be represented as

|ψ〉

At each point ~r in space ψ(~r) is the spatial representation
〈~r|ψ〉 of |ψ〉

• Each state can be expanded onto a complete orthonormal
basis set |φi〉

|ψ〉 =
N∑
i

|φi〉〈φi|ψ〉 =
N∑
i

ci|φi〉

〈φi|φj〉 = δij

〈φi|ψ〉 = ci

from which it follows

N∑
i

|φi〉〈φi| = I

Note that it may be N →∞ (it depends on the Hilbert space
we are working in)
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• This is the case for the real-space representation

|ψ〉 =
∫
|~r〉〈~r|ψ〉d~r =

∫
|~r〉ψ(~r)d~r∫

|~r〉〈~r|d~r = I

• Representation of Operator

L̂|ψ〉 = |ξ〉
N∑
j

L̂|φj〉〈φj|ψ〉 =
N∑
j

|φj〉〈φj|ξ〉

N∑
j

ψjL̂|φj〉 =
N∑
j

ξj|φj〉

now multiply by 〈φi|

N∑
j

〈φi|L̂|φj〉ψj =
N∑
j

〈φi|φj〉ξj

N∑
j

Lijψj = ξi
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This is now a matrix equation
L11 L12 ... ... L1N

L21 L22 ... ... L2N

... ... ... ... ...

... ... ... ... ...
LN1 LN2 ... ... LNN




ψ1

ψ2

...

...
ψN

 =


ξ1
ξ2
...
...
ξN


You can pass this to a computer!!!

• What if my initial operator is in real space?

H(~r)ψ(~r) = Eψ(~r)

H(~r)〈~r|ψ〉 = E〈~r|ψ〉

I can now expand 〈~r|ψ〉 on a set of M “friendly” functions

H(~r)
M∑
j

〈~r|φj〉〈φj|ψ〉 = E

M∑
j

〈~r|φj〉〈φj|ψ〉

If I now multiply both side by 〈φi|~r〉 = φ∗i (~r) and take
∫
d~r M∑

j

∫
φ∗i (~r)H(~r)φj(~r)d~r

ψj =
M∑
j

ψjE

∫
φ∗i (~r)φj(~r)d~r
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M∑
i

Hijψj = Eψi

Note: The relevant Hilbert space is L2(R3N)
⊗

C2s+1, then
M →∞. However, if I choose the |φi〉 in a clever way I can
use a finite M .
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The H2 molecule
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H =

(
−h̄
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− e2
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+
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+
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In principle we can take any set of “friendly functions” and
expand the Hamiltonian. In practice we want to go close to the
solution with the minimum effort!!

Note that this is:

H = HA +HB −
e2

|~r1 − ~RB|
− e2

|~r2 − ~RA|
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where HA and HB are the Hamiltonian for the isolated H
atom A and B. This suggests a good set of “friendly functions”.

Consider infact the ground state (1s) wave function of the
isolated H atoms

HA|1〉 = ε1s|1〉 and HB|2〉 = ε1s|2〉

and decide these form our set of friendly wave-functions

|ψ〉 =
2∑
1

ψi|i〉 = ψ1|1〉+ ψ2|2〉

Note:
This way of expanding the wave function onto molecular
orbitals gives the name of the theory: molecular orbital
(MO) theory.
This is usually known as Linear Combination of Atomic
Orbital (LCAO) Theory

Now expand the Schrödinger equation:

H(ψ1|1〉+ ψ2|2〉) = E(ψ1|1〉+ ψ2|2〉)
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To solve this we need to project onto the basis states |1〉 and
|2〉  〈1|H(ψ1|1〉+ ψ2|2〉) = E〈1|(ψ1|1〉+ ψ2|2〉)

〈2|H(ψ1|1〉+ ψ2|2〉) = E〈2|(ψ1|1〉+ ψ2|2〉)

Assume now that our basis set is orthonormal

〈1|2〉 = 〈2|1〉 = 0 and 〈1|1〉 = 〈2|2〉 = 1

Remember that in real space:

〈~r|ψ〉 = ψ(~r) =
1√
π

(
Z

a0

)3/2

e−r/a0

A B

This means that our basis is orthonormal only if the H
atoms are far enough from each other
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We then obtain the two following equations:

 〈1|H|1〉ψ1 + 〈1|H|2〉ψ2 = Eψ1

〈2|H|1〉ψ1 + 〈2|H|2〉ψ2 = Eψ2

and these can be written as

 ε0ψ1 + γψ2 = Eψ1

γψ1 + ε0ψ2 = Eψ2

or

(
ε0 γ
γ ε0

)(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
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Note that

1. The problem is now in a matrix form:

HΨ = EΨ

with

H =
(
ε0 γ
γ ε0

)
and Ψ =

(
ψ1

ψ2

)
H is called the Hamiltonian matrix
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2. 〈1|H|1〉 = 〈2|H|2〉 = ε0

〈1|H|1〉 =
∫
ψ1(~r)∗

(
HA(~r)− e2

|~r − ~RB|

)
ψ1(~r)d~r =

∫
ψ1(~r)∗HAψ1(~r)d~r −

∫
ψ1(~r)∗

(
e2

|~r − ~RB|

)
ψ1(~r)d~r =

= ε1s −
∫

ρ1(~r)e2

|~r − ~RB|
d~r

Note that ultimately

ε0 = ε1s −
∫

ρ1(~r)e2

|~r − ~RB|
d~r

ε0 is called on-site energy. Integrals of this kind are called
two center integrals.

ε0 is the sum of the atomic energy ε1s plus a (classical)

electrostatic term εcf = −
∫ ρ1(~r)e

2

|~r−~RB|
d~r (the crystal-field

potential).
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3. In general 〈1|H|2〉 = 〈2|H|1〉∗ = γ

This makes the matrix H Hermitian. In the present case the
|i〉 are real and then 〈1|H|2〉 = 〈2|H|1〉

γ = 〈1|H|2〉 = 〈1|

(
HA −

e2

|~r − ~RB|

)
|2〉 =

= −〈1| e2

|~r − ~RB|
|2〉

Since |i〉 are the 1s H wave-functions (they have no nodes,
therefore they are always positive)

γ < 0

The last result follows directly from:

〈1|HA = 〈1|ε1s −→ 〈1|HA|2〉 = 〈1|2〉ε1s = 0

γ is called hopping integral or hopping parameter.
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Now solve the eigenvalue problem

(
ε0 γ
γ ε0

)(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
We have non-trivial solution only if:

det
(
ε0 − E γ
γ ε0 − E

)
= 0

(ε0 − E)2 − γ2 = 0

So we have two solutions:

Ebond = ε0 + γ

and

Eanti = ε0 − γ

with corresponding eigenvectors

Ψbond =
1√
2

(
1
1

)
, Ψanti =

1√
2

(
1
−1

)
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Recalling that the vector Ψ is the vector of the expansion
coefficients ψ1 and ψ2, the final wave functions are

|ψbond〉 =
1√
2
(|1〉+ |2〉) BONDING

|ψanti〉 =
1√
2
(|1〉 − |2〉) ANTIBONDING

This is already enough to understand why the H2 forms.

ε ε1s 1s

ε00ε

0
ε  −γ

ε  +γ
0
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